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The new examples are found of the constraints which hnk the 1+2- 
dimensional and multifield integrable equations and lattices. The vec- 
tor and matrix generalizations of the Nonlinear Schrodinger equation 
and the Ablowitz-Ladik lattice are considered among the other multi- 
field models. It is demonstrated that using of the symmetries belong- 
ing to the hierarchies of these equations leads, in particular, to the 
KP equation and twodimensional analogs of the dressing chain, Toda 
lattice and dispersive long waves equations. In these examples the 
multifield equation and its symmetry have meaning of the Lax pair 
for the corresponding twodimensional equation under some compati- 
ble constraint between field variables and eigenfunctions. 



1 Introduction. Vector NLS equation 

Let us consider the vector generalization of the Nonlinear Schrodinger equa- 
tion (NLS) [|I], 3 and its third order symmetry: 



where ■?/', G and the brackets ( , ) denote scalar product. It is an easy 
exercise to check that the quantities 
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V^i = '^xxx + 3(?/', ip)(px + 3(?/', ifx)^ 




(2) 



u = 



(3) 



solve, in virtue of these equations and independently on the dimension A^, 
the Kadomtsev-Petviashvili equation (KP) 

4:Ut = u^^^ - Quu^ + 3qy, = Uy. (4) 

This observation was done in the papers 0, ^ for the first time. It reduces the 
problem of solving of the 1+2- dimensional equation to the simpler problem of 
construction of the common solution of the pair of 1+1- dimensional systems, 
although of the large size. Apparently, this trick is a sort of nonlinear analog 
of the separation of variables method. It is rather effective and even the 
simlest case N = 1 have brought to some new exact solutions of KP . 

We mention also the further contributions [§, 0, ||, P]. Within this ap- 
proach eqs. (|l]), (0) are treated as the pair of the formally conjugated auxiliary 
linear problems for the KP equation 

'^y = Ipxx - Wip, -<fy = fxx " (5) 

3 3 3 3 

i^t = ^xxx - ^uijjx - -{ux + q)^IJ, = ^xxx - ^U(px - -{ux - q)(p (6) 

and the relations are treated as the constraint between the potential and 
the eigenfunctions, which is consistent with the dynamics on y and t. Bearing 
this interpretation in mind we always denote the multifield variables (vectors 
or matrices) as ip, ^■ 

If the 1+2-dimensional equation is given then the finding of the corre- 
sponding 1+1-dimensional systems can be rather nontrivial task, even if the 
L — y4-pair is known. Several solutions can exist. For example, it turns out 
that eqs. - (^) admit also other compatible constraint: 



q = 2{ip^^, Lp^) - 2{ip^, + 2 
+2 



(^Z", ^x)x{^x, - Vx){iIJx, ^)x 



{■^,^x){'ipx,^){{'ip,^x) - {-ipx,^)) 
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(its origin will be explained in Section One more representation for the 
KP equation is given in the Example 3 below, but in this case the equations 
for ip and ip are not conjugated. 

On the other hand, now we know a large number of separate examples 
and the whole classes of integrable multifield equations (see, e.g. the papers 
[0, 0, [TT], [T^, |T3|, [T^, |TB| and the review |T^) and the natural question 



arize, which 1+2-dimensional equations are related to them. One of the goals 
of this paper is to obtain some new examples of such relation. 
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Our second goal is to apply this approach to the differential-difference 
equations (lattices). For example, let us consider the lattice generated by 
iterations of the Backlund transformation (BT) for the equation (|I|): 

i>x = ^i + + {i>,^i)i>, -(fx = ^-1 + (3-i(p + {^-u(p)(p, (7) 



where (3j are arbitrary scalar parameters |T3, 11^ . Here and further on, when 



working with the lattices, we omit for short the dummy integer subscript j, 
so that ip means ipj, ipi means and so on. 
One obtains, after introducing the quantities 



the well known Miura-type transformations [^, |21 

Ui=U + 2 fx, U = f - fx + P, Px = fy 

which connect eq. with the modified Kadomtsev-Petviashvili equation 
(mKP) 

4/t = fxxx - Qif + P)fx + Spy, Px = fy. (8) 

The variables /, p satisfy the lattice 

fl,x + fx = fi - + pi - p, Px = fy (9) 

Investigation in this direction can be useful for constructing of the explicit 
solutions of 1+2- dimensional equations (however, it falls beyond the scope 
of the prersent paper). Let us recall that if the dependence on y is neglected 
then eq. (|) turns into the Korteweg-de Vries equation (KdV), and the lattice 
d^) turns into the dressing chain. It was proved in that the dressing chain 
under the periodicity condition fj = fj+x is a completely integrable finite- 
dimensional Hamiltonian system, and all the A;-gap solutions of KdV can be 
derived from it at = 2fc + 1. In the two-dimensional case, some large class 
of the KP solutions can be obtained under the periodic condition ipj = ipj+x, 
ipj = (fj+K for the lattice (0) which brings to the Hamiltonian system with 
KN degrees of freedom. The question if all algebraic-geometric solutions of 
KP can be obtained in such a way remains open. The multisoliton solutions 
can be constructed also by means of the nonlinear superposition principle for 
the lattice (0) pf. 



The two dimensional examples considered in this paper include several 
KP- and mKP-like equations, dispersive long waves equations and, in the 
discrete case, the two dimensional dressing chain and Toda lattice. Moreover, 
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the matrix versions of these equations are considered. On the other hand 
we have the vector and matrix generahzations of NLS, modified NLS and 
derivative NLS. Probably, most beautiful example is related to the vector 
generalization of the Ablowitz-Ladik lattice which was introduced recently in 
the papers It should be mentioned that the scalar Ablowitz-Ladik lattice 
has been already used for constructing of the solutions of 1+2- dimensional 
equation [Q. As a rule, the order of nonlinear terms in multifield equations 



is odd, however exceptions are possible (see the last Section). 

2 Jordan NLS 

We start from the further generalizations of NLS which were proved to be 



integrable in |jT2[ . These system are of the form 

i'y = ^xx + 2{'(pLptp}, -ipy = (f^^ + 2{(f'tpLp} (10) 

where the braces denote triple product which satisfies the axioms of the 
Jordan pair: 

{abc} = {cba}, ^^^^ 
{ab{cde}} — {cd{abe}} = {{abc}de} — {c{bad}e}. 

Below we consider only the vector and matrix examples which correspond to 
the following, most important, rules of multiplication: 

2{abc} = {a,b)c+ {c,b)a, a,b,ceR^, (12) 
{abc} = {a,b)c + {c,b)a — {a, c)b, a,6, cgM^, (13) 
2{abc} = abc + cba, a,c E Ma.tM,N, b G MatAr,M . (14) 

Nevertheless, it is convenient to formulate some statements in general alge- 
braic terms. In particular, the eq. ([TO) admits the third order symmetry 



-ipt = -ipxxx + Q{^pip^Px}, = ^xxx + Q{ip^piPx} (15) 

and the Backlund transformation [^, ^ 

V'x = '01 + + {^V^i^}, -ipx = (p-i + P-i^p + {^pip-i^p}- (16) 

Example 1. Obviously, the example discussed in Introduction corresponds 
to the multiplication (|12[) which is the particular case of the matrix multi- 
plication (1^) at M = 1. In the general case consider the matrix NLS 
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where i/j G MatM.Af, ^ £ Mat at, a/ . Let us introduce the M x M matrices 



where Im is the identity matrix, then using the symmetry ( |T5D yields the 
matrix KP equation (here and below the square brackets denote commutator 
[a, h] = ah — ha) 

^Ut = u^xx - ^uu.^ + u^u -qy + [q, u]), q^ = Uy (17) 
while the lattice ([TBD yields the Backlund transformation 

ui = u + 2/a;, u = f - fx + p, 

fl,x + fx = fl - f +Pl-P, Px = fy+ [P, /]• 

It should be stressed that, in contrast to the scalar case, the matrix / does 
not satisfy the matrix mKP equation. 

Example 2. The version of the vector NLS equation related to the multi- 
plication (|1^) was introduced in for the first time: 

tpy = tpxx + 2(^, (f)^ - ^)^p, -ify = ifxx + 2(?/', ip)(f - {(p, ip)ll). 

In this example the quantities 

u = -A{i),ip), v = 2{^lj,i)), w = 2{(p,(p), q = A{'ip,(px) - A{ilJx,(p) 
satisfy, in virtue of (|T5|) , the 1+2-dimensional system 



4:Ut = Uxxx - QuUx + My + 6(fw)^, qn, = Uy, 

-2vt = Vxxx - ^Vr,y - 3uvx + 3vq, 
—2wt = Wxxx + 'iwxy — ?>uWx — 3wq 

which generalize KP (reduction vw = 0). 

In conclusion we notice that actually the equation ([10|) admits the infinite 
hierarchy of the higher symmetry (it can be constructed, for example, by 
means of the recursion operator [Q) and using them instead of ( |15|) brings 
to the higher symmetries of the corresponding KP-like equations. In some 
sense this solves the problem of nonlocalities which is a serious technical 
obstacle in the theory of two dimensional equations. However, we always 
consider only the simplest representatives of the integrable hierarchies in the 
further examples. 
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3 Derivative NLS 



There are two different scalar systems known under the name of the derivative 
NLS equation: 



i^y = i^xx + 2(^/'V)x, f 1py = i^xx + '^i^^tp: 

-fy = fxx - 2(^V5^)x 1 --ipy = fxx " '^i'f'P^ 
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which were introduced in the papers and correspondingly. They 
are related by differential substitution. In the multifield case the difference 
becomes more deep: the first system admits the natural generalization in 
the Jordan pairs, as NLS, while the second one is generalized in associative 
algebras. We consider the second version first. 



Theorem 1 (Olver, Sokolov ||15|| ) Let 'ijj,(p belong to an associative alge- 
bra, then the system 

^y = ^xx + S^/'xV^V', ^y = -^xx + '^■'f^^x (18) 

possesses the third order symmetry 

i^t = i^xxx + S'ipxx'^ip + ^i^xfipx + Sipc.ip'iiJipip, ^^g^ 

<^t = <^xxx - ^VIpVxx - ^'-Px'ip'^x + Sipipipipip^. 

We need some extension of this result. Namely, it is easy to see that 
actually the associativity of multiplication is sufficient, without the require- 
ment that ip, (p belong to the same space. In particular, we consider the 
case ip G MatM,7v, G Mat7v,M • Apparently, the equations (|18|), (|I9]) can be 
treated as an auxiliary linear problem in two ways, one leads to the matrix 
KP and another one to matrix mKP equation. 

Example 3. Let us consider M x M matrices 
then ijj satisfy equations of the form 

3 3 

tpy = i^xx - ui), i)t = i^xxx - -ui^x - -iu^ + q)ip 

and, in virtue of their consistency, u and q satisfy eq. (|1^). In particular, a 
new representation of the scalar KP arise at M = 1. 
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Example 4. Now let us consider the N x N matrices 

f = ifijj, p = ifijj^ - ip^ijj + f. 
They satisfy the matrix mKP equation 

4/t = + 3([A.,, /] - 2fU + Vy+ [P, /'] + UV + P/x), fy = p. + [P, f] 

(20) 

in virtue of (0), (|I|) 

Next, let us discuss the multifield analogs of the Kaup-Newell system. 
They were studied, e.g. in []TU|, 



Theorem 2 Let triple product { } satisfy axioms ([Tjj then the system 

Ipy = Ipxx + 2{lpLpip}^, Lfy = -ip^^ + 2{ip^ip}^ (21) 

admits the symmetry of third order 

A = {ipxx + Qi-ip^-^x} + Q{ip{(pip(p}ip})x, ^22) 

= {^xx - Qi^i^^x] + Q{ip{i)ip^}ip})x- 



This statement was proved in |2^ in the case of the Jordan triple systems, 
but, as before, it remains valid also for the Jordan pairs, that is when if) and 
ip belong to the different spaces. We just write down the resulting two- 
dimensional equations. 

Example 5. In the case of multiplication (p^ the matrices 

f = (pijj, p = ipijj^ - if^ip + 3/^ 

solve, in virtue of (PT]), ( P^j ) the same equation (PO]). This coincidence, al- 
though unexpected at a first glance, is easily explained if one consider the 
corresponding auxiliary linear problems, which are formally conjugated. 



Example 6. In the case of multiplication ([T3[) the quantities 

/ = -2(^, if), g = h= {ip,ip), p = 2(^, (f^) - 2{ijj^, ip) - 3/2 + 6gh 

satisfy the system of equations 

4/t = fxxx + 3(p - 2gh)y + 6{g^^h - gh^^) 

-2{Qfgh + f')^-6pf,, p, = fy 

-'^gt = gxxx - ^gxy + Qfigy - gxx) + Hgip - fx))x 

+ Qg^h^ + Qgff^ + 9gj\ 
-2ht = /ixxx + Sh^^y + Gf{hy + h^x) + 3(/i(p + fx))x 
+ Qh^g, + Qhff, + 9hJ^ 

which is reduced to mKP (W) ai gh = 0. 
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4 Modified Jordan NLS 



Let us consider the lattice ([Tq), assuming Pj = for sake of simplicity, and 
make renaming ip = ip, ipi = (f. This give rise to the differential substitution 



and one can easily see that eq. (|TOD can be rewritten in new variables. The 
result is the modified Jordan NLS (the tilde is omitted) 

and the chain of its Backlund transformations 

= V'l + {^V^^}, -Vx = V-1 + {V^V'V^}- (24) 

We will not rewrite the symmetry ( [T3| ) since it is clear without calculations 
that the resulting two dimensional equations are exactly the same as in the 
Section ^ and the difference is only in the formulae which define the con- 
straints between potential and eigenf unctions. 

The new examples arise if one consider the time with a "negative number" 
from the hierarchy of eq. (pSf) symmetries. 



Theorem 3 For any Jordan pair equations i^2^ ) define the symmetry of the 
following hyperbolic system 

ifjxz = 2{ip(pipz} - ip, <^^:, = -2{(ptp(p^} - ip. (25) 



The proof is straightforward and use only identities ([11 



Example 7. If multiplication is defined by formula (|T^ then eqs. 
(|25|) take the form 



1py=1pxx-2{{'llj,^^) + {ij,^f)lp, ^^^^ 

-Vy = Vxx + 2((^/'^., if) - {ip, (pf)(p, 

In virtue of them the quantities 

u = {ilj,ip), V = {ipz.^p) -I, q = {ip,(px) 
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satisfy the well known two-dimensional generalization of the dispersive long 



waves equations (DLW) 0, || 



Uy = {u^ + - 2g)^, -vt = {vr, - 2uv)r,, = v^. (28) 
The lattice (p^) takes form 

and is the member of the hierarchy which was studied in details in the paper 



33 1 . In particular, it was proved there that this lattice admits the symmetry 



of the form 

= T- ^ r, -fz = T- r r. 29 

One can easily check that this pair of lattices define the BT for the system 
(|27|). Moreover, the variables u,v satisfy the two-dimensional Toda lattice 

u^ = v-vi, v^ = v{u-u^i), (30) 



which define the BT for the system (|28| ) [ p5| , Q 



Example 8. Analogs of the lattice (p9D exist for other Jordan pairs as well. 
Let ip G MatM.AT, £ MatAr^M, then the following differentiations commute 
in the matrix case (|T^ 



IP;, = {lP-lip - /Af)~V-l, -^Z = - hl)~^, 

i^y = i^xx - "^Ipfxlp - 2tlj(fllj(f'llj, -(fy = (f^^ + 2ipilj^(f - 2(ftljiptljip 

and the matrices of the M x M size 

u = ipip, V = tpz'-P - hi = i'ip-iV - hi)'^, q = ipipx + = -ip^P-i 



satisfy the nonabelian two dimensional DLW equations and Toda lattice |35 



Uy = u^x + 2{uxU -qx + [m, g]), -Vy = - 2{uv)^ - 2[f , g], q^ 

Uz = V — fi, Vx = UV — VU-i. 
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5 Vector Ablowitz-Ladik lattice 



Probably one of the most beautiful examples is related to the multifield 
Ablowitz-Ladik lattices. It yields the same two dimensional equations as in 
the previous section, but is more symmetric. 



Theorem 4 Let G Mat m, at, <^ G Mat at m then the lattices 



(31) 



commute and the variables ip, f satisfy the following system in virtue of these 
lattices: 

^xz = 'fz{i"f + hiY^i^^x + v^^v^ + ^■ 



In the scalar case the sum of the flows ( pTD and the dilation symmetry 
ipj. = —2ip, (Pt- = 2(p is the Ablowitz-Ladik lattice and ( ^21) is Pohlmeyer- 
Lund-Regge system (this observation due to ||3^). The second order sym- 
metries of the eq. (|3lD hierarchy is nothing but derivative NLS equations 
(cf (0)): 

ipy = ipxx + 2ip^ipiip, ipy = -ip^^ + 2(pii_i(p^, (33) 
^,7 = i^zz + 2'4)p_iip^, if^ = -if^^ + 2(f^^iLp. (34) 

Of course, one should eliminate the variables ip±i, ip±i in virtue of the lattices 
in order two treat these equations as higher symmetries of the system (p2|). 
I will consider only the vector case M = 1 : 

V'x = + {iIj-i,(p)iIj, r 1pz= iJl + {ip,(p)iJu 



(35) 
(36) 

Now the sum of the lattices (|35|) (plus dilation symmetry) defines the so-called 
"asymmetric discretization of vector NLS" introduced in [^. It should be 
mentioned that another discretization was considered in these papers as well, 
which can be obtained by summing the second lattice ( pS] ) and the lattice 
symmetric with respect to reflection j —j. Integrability of this version was 



{ip,ip} + 1 

^xz= T- ^—iPz+{lp,^}^ + ^- 
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established in |3^, however the question about the structure of the higher 
symmetries remains open. 
The quantities 



satisfy the Toda lattice (|30| ) in virtue of (pSf ). In order to reproduce the 
DLW equations, it is sufficient to consider the symmetries (|33D, (PH). First 
one takes the form 

after elimination of V'-i, and brings to eq. (pSD , up to the change of 
the sign of y. Notice, that this formula coincide, up to the renaming of 
the potential, with the auxiliary linear problem for KP. It can be easily 
proved that the form of the second auxiliary problem is uniquely derived 
from the compatibility condition and yields the third order symmetry of the 
system (^). This gives the new example of the constraint for KP, which was 
displayed in Introduction. 

The symmetry is rewritten as follows 



and denoting p = {iljz,f)/v one obtains another equation from the DLW 
hierarchy: 

Ur, = Uzz - 2f^ + 2pUz, Vrj = -{v^ - 2pv)z, p^ = U^. 



6 Concluding examples 

Notice, that the order of nonlinear terms was odd for all examples of mul- 
tifield equations considered above, while the constraints were defined by ex- 
pressions with even order products of -i/^-functions. Here we present two 
examples with the different structure of nonlinearities. 



Example 9. Let us consider the generalization of the KdV equation which 
corresponds to the Jordan algebra Dn [0: 



Uy = Uxxx + 3(m - {ifj, ily = -ipxxx + Q{uip)x, M G M, Ip G 
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It possesses the fifth order symmetry 

ut = u^xxxx + 5{2uuxx + ul + - 6u{ij, t/j) - 2{iIj, V'xx) - {'ipx, 'ipx))x, 

i^t = i^xxxxx + io{uiJxx + Ux^px + Uxxi^ + 3m^v - {i',i')i^)x 

and the quantities 

V = 6u, q = Quxx + 18m^ — 18 (■?/', ip) 
satisfy, in virtue of these equations, the two dimensional generahzation of 



Sawada-Kotera equation |39 



-<^vt = t^xxxxx + 5{vvxxx + VxVxx + v'^Vx - v^xy " vVy - qv^ - qy) , qx = Vy 
Example 10. The equation 

ijjy = ^xx + 2V'V'x + [lp, ^'^] 



on arbitrary left-symmetric algebra was proved to be integrable in |11|. It 



admits the infinite hierarchy of higher symmetries, simplest one is of the form 

A = '4'xxx + ^ii^i'xx + + [V^, i^'4'x] + i^ii'xi')) + [V^, ^^^]- 

This equation is a multifield generalization of Burgers equation and is lin- 
earizable via Cole-Hopf type substitution. 

An example of left-symmetric multiplication is given by formula 

where vector c is fixed. One can check that in this case the quantities 

u={ip,c), q = \c\'^\iIj\'^ + Ux + 

solve equation 



-2ut = Uxxx + ^{uuxx + ul + 2u^Ux) - ^Uxy - QuUy - QqUx, qx = u. 



y 



Of course this equation is linearizable as well: the Cole-Hopf transformation 
2u = Vx/v, 2q = Vy/v hnks it with the linear equation 2vt = 3vxy — v^xx- 
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